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Let S be an orientable surface other than the sphere and let k be a natural number.
Then there are infinitely many k-color-critical graphs on S if and only if 3k5.
In particular, if k5, then there exists a polynomially bounded algorithm for
deciding if a graph on S can be k-colored. We extend this to the case where a subgraph
of fixed cardinality is precolored. We also establish a corresponding list-color
theorem.  1997 Academic Press
1. INTRODUCTION
A graph G is k-color-critical if G is not (k&1)-colorable but every
proper subgraph is. This concept was introduced by Dirac who observed
that, for each surface S and each natural number k8, there are only
finitely many k-color-critical graphs on S [6]. A classical result by Gallai
on k-color-critical graphs extends this to the case k=7 as pointed out in
[20]. Examples of Fisk, [9], show that there are infinitely many 5-critical
graphs on S (provided S is not the sphere). Thus only the case k=6
remains, as pointed out in [20, Problem 1]. The main purpose of this
paper is to settle the case k=6.
We refine the method of [19] which shows that a graph on an orientable sur-
face can be 5-colored provided all non-contractible cycles are sufficiently long.
The proof in [19] is based on a cutting technique which transforms the graph
on the surface to a planar graph combined with an extension of the 5-color
theorem on planar graphs. In this paper we prove various 5-color theorems for
planar graphs using the list color method of [21]. In that note it is essential that
some vertices are precolored and that small lists are used for vertices on the
outer face. Motivated by this we introduce the following concepts. Let k, q be
natural numbers and let G be a graph where a subgraph H with q vertices is
k-colored (using colors in [1, 2, ..., k]). Then G is (k+1, q)-critical if the
coloring of H cannot be extended to a k-coloring of G but, for every vertex or
edge x in G, the k-coloring of H&x can be extended to a k-coloring of G&x.
(For example, if G is a path of even length, then G is (3, 2)-critical. To see this
we let H be the two endvertices of G colored in distinct colors.) For every vertex
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v of G, let L(v) be a finite set (list) of natural numbers. We say that G is
list-L-colorable (or just list-colorable when no confusion is possible) if the
vertices can be colored such that every vertex receives a color from its list and
adjacent vertices receive distinct colors. Thus k-colorable means list colorable
when all lists are [1, 2, ..., k]. We say that G is list-critical if G is not list
colorable, but every subgraph is.
In Section 3 we review Fisk’s construction of many 5-critical graphs on
any fixed surface other than the sphere. We also use that method to describe,
for each natural number d, a 4-connected planar graph G with two vertices
x, y of distance at least d apart such that, in any 4-coloring of G, x and y
must have the same color. In particular, there are infinitely many (5, 2)-
critical graphs with no separating triangles on the sphere. (The 4-color
theorem says that there are no (5, 1)-critical graphs on the sphere.) These
results show that the 5-color results cannot be extended to 4-colors.
In Section 4 we extend a fundamental result of Gallai [10] to list
coloring. A vertex v of a list-critical graph clearly has degree |L(v)|. If
equality holds, we say that v is a small vertex. We use Gallai’s method to
prove that, in any list-critical graph, the subgraph induced by the small
vertices has a very simple structure: Its blocks are either complete graphs
or odd cycles. Using this result we prove that, for every fixed surface S,
there are only finitely many list-critical graphs on S having all lists of
cardinality at least 6 (up to assignments obtained by permuting the natural
numbers). This implies a polynomially bounded algorithm for deciding if a
graph G on S can be list colored provided all lists have at least 6 colors.
Since there are graphs on the sphere which cannot be list colored even if
all lists have 4 colors as shown by Voigt [22] and since the 3-color problem
for planar graphs is NP-complete [11], it follows that the list color problem
for planar graphs where all lists have 4 colors is also NP-complete. We do
not know the status of the list color problem for a graph on S having 5
available colors at every vertex. We solve the problem only if the list is
[1, 2, 3, 4, 5] at every vertex. We even allow a few vertices to be
precolored. More precisely, in Sections 10, 11 we prove that for each non-
negative integer q and each natural number k6, and each surface S, there
are only finitely many (k, q)-critical graphs on S. Sections 58 are devoted
to the planar case. Section 9 gives the technique for going to higher sur-
faces.
In Section 12 we summarize the open problems which naturally arise.
2. TERMINOLOGY AND PRELIMINARIES
Our terminology is standard. For planar graphs we use the same termino-
logy as in [17]. For graphs on higher surfaces (the sphere with g handles
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which is denoted by Sg , or the sphere with k crosscaps which is denoted
by Nk), we use the terminology of [18,19]. In [18] it is emphasized how
graphs on the orientable surface Sg can be treated in a purely combinatorial
way. The same applies to the results of this paper although we shall
sometimes use more intuitively clear topological formulations.
For the sake of completeness we repeat the most important definitions.
A q-cycle is a cycle of length q. An even cycle (respectively odd cycle) is a
q-cycle with q even (respectively odd). If H1 , H2 are two disjoint subgraphs
in a graph G, then the distance dist(H1 , H2) between them is the length of
a shortest path connecting them. A shortest path is also called a geodesic.
A distance preserving subgraph H of G is a subgraph such that, for any two
vertices x, y in H, dist(x, y) is the same in H and G. If H is a subgraph in
G and e is an edge in E(G)"E(H) joining two vertices of H, then e is a
chord of H. The subgraph induced by H is defined as H together with its
chords and is denoted G(H).
If C is a cycle in a plane graph G, then int(C) is the set of vertices and
edges of G inside C. We write Int(C)=int(C) _ C. We define ext(C) and
Ext(C) analogously. If HInt(C) we say that ‘‘C has H in its interior’’. If
both int(C) & V(G) and ext(C) & V(G) are nonempty, then C is a separating
cycle, and it separates int(C) & V(G) from ext(C) & V(G).
If G is a 2-connected plane graph such that all facial cycles except
possibly one is a triangle (3-cycle), then G is a near-triangulation. We define
a cylinder-triangulation G with inner cycle C1 and outer cycle C2 as follows:
G is a 2-connected plane graph with outer facial cycle C2 and another facial
cycle C1 such that all other facial cycles are triangles. A noncontractible
cycle in a cylinder triangulation G is a cycle C such that
C1 Int(C).
Note that we may interchange between inner and outer cycle if we wish.
If G is a plane triangulation and x # V(G), y # V(G), AV(G) and A is
a minimal set such that x and y belong to distinct components of G&A,
then it is easy to see that G(A) is a cycle separating x and y. Combining
this with Menger’s theorem we get: If G is a cylinder triangulation with
inner cycle C1 and outer cycle C2 , and q is a natural number, then G has
q pairwise disjoint paths from C1 to C2 unless G has a noncontractible
cycle of length <q.
Let S be a facial cycle in a 2-connected plane graph G, and let C be
another cycle. Let q be a natural number such that no vertex of distance
q+1 from C is on S or on a facial cycle of length >3 distinct from C.
Then we define the q-canonical cycle for C with respect to S as follows. We
redraw G such that the facial cycles are the same except that S is the outer
cycle. Then we let C1 be the unique chordless cycle such that Cint(C1)
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and all vertices of C1 have distance 1 from C. We call C1 the 1-canonical
cycle for C with respect to S. We define the 2-canonical cycle C2 for C with
respect to S as the 1-canonical cycle for C1 with respect to S etc.
If G is drawn on Sg , (g1), then the edge-width, denoted ew(G), is the
length of a shortest noncontractible cycle. If G triangulates Sg , and C is a
noncontractible cycle (which we assign an orientation), and q is a natural
number such that
ew(G)>2q,
then the vertices which can reach C by a path of length q on the right
(respectively left) hand side of C induce a cylinder triangulation with inner
cycle C and with an outer cycle which we call the q-canonical cycle on the
right (respectively left) hand side of C. If T1 , T2 , ..., Tg is a collection of
pairwise disjoint cylinder triangulations in G (drawn on Sg), then we say
that T1 , ..., Tg is a planarizing collection of cylinder triangulations of G if we
obtain a connected planar graph by deleting all vertices of T1 _ } } } _ Tg
except those on the inner or outer cycles. The q-canonical cycle C for a
vertex v is defined as the unique chordless contractible cycle having v in its
interior and having all vertices of distance q from v. All these concepts for a
graph G on Sg can be made precise in a pure combinatorial set up as in [18].
Finally, if a vertex v in a colored (or partially colored) graph G is joined
to vertices v1 , ..., vr of colors c(v1), ..., c(vr) respectively, then we shall also
say that v is joined to the colors c(v1), c(v2), ..., c(vr).
3. FISK’S CONSTRUCTION
The following is a slight extension of a result of a result of Fisk [8, 9],
see also [1]. The proof is essentially that of Fisk.
Proposition 3.1. Let G be a 4-colored graph in which each edge is
contained in precisely two triangles. Then for any i, j # [1, 2, 3, 4], the
number of vertices of odd degree and of color i has the same parity as the
number of vertices of odd degree and of color j. In particular, if G has
precisely two vertices of odd degree, they have the same color.
Proof. Let t(i, j, k) denote the number of triangles with colors i, j, k
(where i, j, k # [1, 2, 3, 4]. If xy is an edge such that x and y have colors
1,2, then xy is in two triangles and these two triangles either contribute
1 to each of t(1, 2, 3), t(1, 2, 4) or else they contribute 0 or 2 to these
numbers. Hence
t(1, 2, 3)#t(1, 2, 4)(mod 2) (1)
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More generally
t(1, 2, 3)#t(1, 2, 4)#t(1, 3, 4)#t(2, 3, 4)(mod 2). (2)
Let s(i) be the number of triangles containing a vertex of color i(i=1, 2,
3, 4). Then
s(1)=t(1, 2, 3)+t(1, 2, 4)+t(1, 3, 4). (3)
As s(i) has a similar expression for i=2, 3, 4 we have
s(i)#s( j)(mod 2) for 1i< j4. (4)
s(i) can also be expressed as the sum of the degrees of the vertices of color
i (because every edge is in precisely two triangles). Hence
s(i)#the number of vertices of odd degree and of color i(mod 2),
i=1, 2, 3, 4. (5)
Combining (4) and (5) proves the first statement of Proposition 3.1. The
last statement follows from the first. K
Theorem 3.2. (Fisk [8]) If S is a surface other than the sphere and q
is a natural number, then there is a triangulation of S of edge-width at least
q and of chromatic number at least 5.
Proof. We let G be a 4-connected triangulation of S such that the edge-
width of G is at least q and all vertices of G have even degree. We select
two adjacent vertices x, y of G. Then we add a simple curve J from x to
y which alternately crosses an edge and goes through a vertex. The cross-
points are considered as new vertices of degree 4. Then the new graph H
is not 4-colorable by Proposition 3.1. Note that, if G is drawn on the
sphere, then G is 3-colorable and hence J goes through vertices of the same
color as x. so we cannot make J terminate at y in this case. But, for all surfaces
other than the sphere, it is possible to choose G such that the construction
can be carried out. K
Theorem 3.3. For any surface S other than the sphere there are infinitely
many 5-color-critical graphs on S.
Proof. Let q be any natural number and let G, J and H be as in the
proof of Theorem 3.2. Let G$ be a 5-color-critical subgraph of H and let v
be any vertex of V(G$) & V(G). Let C denote the [wq2x&1]-canonical
cycle for v in G. Clearly Int(C, G) is 3-colorable. Hence Int(C, H) is
4-colorable. As G$ is 5-color-critical, G$ is connected and has a vertex in
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ext(C, H). So G$ has at least wq2x vertices. As q is any natural number, the
proof is complete. K
Stromquist [16] asked if any ‘‘locally planar’’ 5-critical graph on S must
be a triangulation in which two adjacent vertices have odd degree and all
other vertices have even degree. This was answered in the negative in [20].
A more interesting example was subsequently found by B. Mohar, private
communication: Let M be a graph on S such that all vertices have even
degree and all faces except one is bounded by a triangle and every triangle
is facial. The exceptional face of M is bounded by a cycle of length 5.
Then M is not 4-colorable and hence no 5-color-critical subgraph of G is
a triangulation. The existence of M follows from the graph H in the proof
of Theorem 3.2 by deleting the edges of a path of length 2 from x to y. To
see that M is not 4-colorable, assume that it has a 4-coloring. Then some
vertex of the facial cycle of length 5 has a vertex u whose color does not
appear at other vertices of that cycle. By adding two edges incident with u
we obtain a triangulation of S contradicting Proposition 3.1. So none of
Fisk’s examples are 5-color-critical, and Stromquist’s question may be replaced
by the following: Does some surface admit 5-color-critical triangulations of
arbitrarily large edge-width?
There exist planar graphs which are uniquely 4-colorable (up to permuta-
tion of colors): Start with a K4 and add successively a vertex of degree 3
inside a facial triangle. If each new vertex is adjacent to the previously
added vertex then the triangulation can be regarded as a (5,2)-critical
graph. But, there are more interesting (5,2)-critical planar graphs as the
next result shows.
Theorem 3.4. Let d be any natural number. There exists a 4-connected
planar triangulation G having two vertices x, y of distance at least d apart
such that, in any 4-coloring of G, x and y must have the same color. In
particular, there are infinitely many (5, 2)-critical planar graphs with no
separating triangle.
Proof. Let G be a 4-connected planar triangulation such that each
vertex of G has even degree, and let x and y be two vertices of distance at
least d such that there is a curve J from x to y, which crosses edges and
goes through vertices alternately. (In particular, x and y must have the
same color in the 3-coloring of G.) Consider G _ J as a graph H where the
cross points are vertices of degree 4. If H is 4-colored, then x and y must
have the same color by Proposition 3.1.
The last part of Theorem 3.4 follows from the first part in the same way
as Theorem 3.3 follows from Theorem 3.2 (or by using the 4-color-
theorem). K
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Theorem 3.3 and the last part of Theorem 3.4 show that, in order to
obtain finiteness results on the number of (k, q)-critical graphs on a fixed
surface we must have k6. The results of the next section dispose of the
case k7.
4. A LIST-COLOR VERSION OF A THEOREM OF GALLAI
Recall that any vertex v in a list-critical graph has degree at least |L(v)|
and that v is called small if equality holds. Gallai [10] proved that the
small vertices in a k-color-critical graph induce a graph whose blocks are
either complete graphs or odd cycles. We shall extend that to list-critical
graphs using Gallai’s reasoning and apply the result to graphs on surfaces.
Lemma 4.1 (Gallai). Let G be a 2-connected graph with the following
property: If C is an even cycle in G and v # V(C), then C has a chord incident
with v. Then G is either an odd cycle or a complete graph.
Proof. (by induction on |V(G)| ). For |V(G)|4, the lemma is trivial.
So assume |V(G)|5. We may assume that G is not a cycle. Hence G has
two vertices joined by three internally disjoint paths. Two of these form an
even cycle. That even cycle has at least two chords. Assuming that G{K4
we can then find an even cycle CG such that V(C){V(G). By the
induction hypothesis C induces a complete graph in G. Let H be a maximal
complete graph in G. We claim that H=G. For otherwise we pick a vertex
v # V(G)"V(H) and let P1 , P2 be two paths from v to H such that
P1 & P2=[v] and |V(P1)|+|V(P2)| is smallest possible. We now extend
P1 _ P2 to an even cycle C$ by adding either an edge in H or a vertex in
H which is not a neighbor of v. Then C$ has a chord incident with v and
we obtain a contradiction to the minimality of P1 _ P2 . K
Theorem 4.2. Let H be a list-critical graph and let H$ be the subgraph
of H induced by the small vertices. Then each block of H$ is a complete
graph or an odd cycle.
Proof. Let G be a block of H$. We shall prove that G satisfies the
assumption of Lemma 4.1. So we consider an even cycle C in G and any
vertex v on C. Let C : v0v1 v2 } } } vq v0 where v0=v and let v1 , vq , u3 , ..., uk be
the neighbors of v. Suppose (reductio ad absurdum) that [u3 , ..., uk] &
V(C)=<. Now let c be any list-coloring of H&v. As v is small we may
assume that L(v)=[1, 2, ..., k] and that c(v1)=1, c(vq)=2, and c(ui)=i
for i=3, 4, ..., k. Consider the list coloring of H&v1 obtained by uncoloring
v1 and letting v0 have color 1. We say that we ‘‘move the color of v1 to v0 ’’.
As v1 is small we may then move the color of v2 to v1 . We continue like
that until we move the color of v0 to vq . We have now obtained a new list
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coloring of H&v. The colors of u3 , ..., uk are unchanged. Hence v1 , vq must
have colors 1, 2 in the new coloring, since otherwise we would obtain a list
coloring of H. So c(v2)=2. Repeating this argument we conclude that
c(v3)=1, c(v4)=2 etc. Thus c induces a 2-coloring of C&v. Since the ends
of C&v have distinct colors and C&v has even length this is impossible.
We have reached a contradiction which proves Theorem 4.2. K
Theorem 4.2 has been proved independently and in a more general
version by Borowieck, Drgas-Burchardt and Miho k [3].
Before we apply this result to graphs on surfaces we note that
Theorem 4.2 implies the extension of Brooks’ theorem to list colorings
obtained by Erdo s et al. [7].
Theorem 4.3. ([7]). Let G be a graph with maximum degree d, and let
L be a list assignment such that |L(v)|d for each vertex v of G. Then G
has a list-coloring unless G has a component which is a Kd+1 or and odd
cycle if d=2.
Proof. Assume that G has no list-coloring and let H be a list-critical
subgraph of G. As the degree of each vertex v in H is at least |L(v)|, v has
degree precisely |L(v)|=d in both H and G. In other words, H is a compo-
nent of G. By Theorem 4.2, each block of H is either an odd cycle or a
complete graph. Now it is easy to list-color H unless d=2 and H is an odd
cycle or H$Kd+1 which implies that H=Kd+1. K
Theorem 4.4. Let q, g and k be natural numbers, k6. Let G be a
graph on Sg or N2g . Let L be a list assignment of G and let S be a set of
at most q vertices in G such that |L(v)|6 for each v # V(G)"S. If G is
list-critical, then |V(G)|150(g+q).
Proof. Suppose (reductio ad absurdum) that G is list-critical and that
|V(G)|>150(g+q). Each vertex v in V(G)"S has degree at least |L(v)|6
in G. Let n, e, f be the number of vertices, edges and facial walks,
respectively. Let f4 be the number of facial walks of length at least 4 , and
let s1 denote the sum of the lengths of the f4 facial walks of length at least
4. Let n7 denote the number of vertices of degree at least 7 and let s2 denote
the sum of degrees in G of those n7 vertices. By Euler’s formula
n&e+ f 2&2g. (1)
By counting lengths of facial walks we get
2e=3( f & f4)+s1 . (2)
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By counting degrees,
2e6(n&n7&q)+s2 . (3)
By first eliminating f from (1), (2) and then eliminating e, we get
2s1&6 f4+s2&6n76q+12g&12. (4)
Since s14 f4 and s27n7 we get from (4)
s1+s2+n78(2s1&6 f4+s2&6n7)48(q+2g&2). (5)
Let W denote the set of vertices w in G such that either w is on a facial
walk of length at least 4 or w has degree 7 or w is a neighbor of a vertex
of degree 7, or w # S or w has a neighbor in S. Then
|W|s1+n7+s2+q+6q48(q+2g&2)+7q. (6)
(The reason for the term 6q is that the neighbors of the vertices of S of
degree 7 are counted by s2 .) Now we pick successively vertices x1 , x2 , ...
in G&W such that for each i2, xi has distance 3 to [x1 , x2 , ..., xi&1].
Suppose this sequence stops with xr . Then every vertex in G&W has
distance (in G) at most 2 to [x1 , x2 , ..., xr]. As all vertices in G&W and
all their neighbors have degree at most 6,
|V(G)"W|37r.
Hence
n37r+|W|37r+48(q+2g&2)+7q.
As n150(g+q) it follows that r g+1. As xi together with its neighbors
do not induce part of an odd cycle, they induce a K7 in H by Theorem 4.2.
Hence G contains g+1 pairwise disjoint copies of K7 . But this contradicts
the genus additivity theorem [4] or its counterpart for nonorientable
surfaces [15]. K
Corollary 4.5. Let g be a fixed natural number. There exists a polyno-
mially bounded algorithm for deciding if there exists a list coloring of a graph
G when all lists have at least 6 colors and G can be drawn on Sg or N2g .
Moreover, the algorithm gives the list coloring if it exists.
Proof. The decision part follows from Theorem 4.4. In order to find the
list coloring of G (if it exists), we first remove successively those vertices
whose lists are larger than the degrees. This results in a graph H of minimum
degree at least 6. If H has more than 150g vertices, then the proof of
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Theorem 4.4 and Lemma 4.1 shows that H has an even cycle C and a vertex
v on C such that C has no chord incident with v and such that all vertices
of C have degree 6 and 6 colors in their lists of available colors. (We leave
it to the reader to show that C can be found in polynomial time.) The
proof of Theorem 4.2 shows that a list coloring of H&v can be transformed
into a list coloring of H in polynomial time. So we delete v.
This procedure terminates with a graph H0 with at most 150g vertices.
We find a list coloring of H0 by going through all possibilities. That
coloring can be modified into a list coloring of G in polynomial time. K
If |L(v)|=1 for each v in S and L(v)=[1, 2, ..., k] k6 for each v in
G&S, then Theorem 4.4 reduces to
Theorem 4.6. For each fixed surface and for any natural numbers k, q
where k7, there are only finitely many (k, q)-critical graphs on the surface.
We do not know if Theorem 4.4 holds with 6 replaced by 5 (and the
upper bound on |V(G)| changed accordingly). The remaining part of the
paper is devoted to extending Theorem 4.6 to the case k=6. It is possible
that the techniques can be extended to list colorings.
5. EXTENDING A 5-COLORING OF THE OUTER CYCLE
OF A PLANAR GRAPH
We shall repeatedly make use of the following list color result [21]
which settled a conjecture of Erdo s, Rubin and Taylor [7].
Theorem 5.1. Let G be a plane graph with outer cycle C. Suppose that,
for any vertex v of G, L(v) is a list of colors such that |L(v)|3 for each
vertex v of C and |L(v)|5 for each vertex v # G&C. Let c be a list-coloring
of two adjacent vertices of C. Then c can be extended to a list coloring of G.
We mention some immediate consequences of Theorem 5.1.
Theorem 5.2. Let G be a connected plane graph with outer facial walk
W. Let L be a list assignment such that |L(v)|3 for each vertex of G and
|L(v)|5 for each vertex of G not on W. Then any coloring c of two
neighbors x, y on W can be extended to a list coloring of G.
Proof. Using Theorem 5.1 we first extend c to the block G1 containing xy.
Then we extend the resulting coloring to all blocks intersecting G1 etc. K
Theorem 5.3. Let L be a list assignment of a planar graph G such that
|L(v)|5 for each vertex v of G. Let c be a list coloring of a connected
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subgraph H of G. Assume that no vertex of G&H is joined to more than two
colors of H. If c is extended to list coloring of two adjacent vertices of G&H
each joined to H, then the resulting list coloring can be extended to G.
Proof. We define a list assignment L$ of G&H as follows: For each v
in G&H, L$(v) consists of L(v) minus those colors of H that v is joined to.
Then we apply Theorem 5.2 to each component of G&H. K
We shall apply Theorem 5.3 in the special cases where all lists are
[1, 2, 3, 4, 5] and no vertex of G&H is joined to more than two colors
(which is trivially satisfied if H is 2-colored).
First we establish a technical result (Proposition 5.4 below) which is
useful for proofs by induction.
Proposition 5.4. Let G be a 2-connected plane graph with no separating
triangle and with chordless outer cycle C of length q. Let c be a 5-coloring
of C. Suppose that every 2-connected subgraph of G which contains C as a
proper subgraph and has at most q2 vertices and at most 2q2 faces has a
facial cycle {C of length q. Then c can be extended to a 5-coloring of an
induced subgraph H containing C and having at most q2 vertices such that no
vertex in G&H is joined to more than 3 colors and such that, if v is a vertex
of G&H joined to three colors, then either v has degree at most 4 or v has
degree 5 and some two neighbors of v have the same color.
Proof. C is distance preserving. In particular, C has no chord. Also, no
vertex inside C has four neighbors on C. Moreover, if a vertex inside C has
three neighbors on C, then they are consecutive. We can assume that some
vertex y0 inside C of degree >4 is joined to three consecutive vertices on
C of distinct colors since otherwise Proposition 5.4 follows with H=C.
Such a vertex y0 will be called augmentable to C. If q=3, then G=K4
because G has no separating triangle. So assume that q4. Let
C : x0x1 } } } xq&1x0 and assume that y0 is joined to xq&1 , x0 , x1 . Then the
cycle y0x1x2 } } } xq&1y0 is also distance preserving in G (by the assumption
of Proposition 5.4), and we say that it is obtained from C by replacing a
vertex of C (namely x0) by an augmentable vertex (namely y0). Let
y1 , y2 , ..., ys be the maximal sequence of vertices inside C with the property
that yi is joined to yi&1 , xi , xj+1 for i=1, 2, ..., s. Also, let y&1 , y&2 , ..., y&r
be the maximal sequence of vertices inside C such that y&i is joined to
y&i+1, xq&i , xq&i&1 for i=1, 2, ..., r. Then the vertices y&r , y&r+1 , ..., ys
are distinct because C is distance preserving. We call the path
xq&r&1 } } } xs+1 a special segment of C and the path P : yq&ryq&r+1 } } } ys a
special path inside C. Thus every vertex y0 which is inside C and joined to
three consecutive vertices of C is contained in a unique special path inside C.
Any two special paths inside C are disjoint and, if C" is any cycle obtained
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from C by replacing special segments of C by special paths inside C, then C"
is obtained from C by successively replacing at most q vertices by augmen-
table vertices. Hence C" is distance preserving in G.
Consider the above special path y&r y&r+1 } } } ys inside C. If s1, r1,
and G has a vertex z joined to y&1, y0 , y1 , then we give y1 , y&1 the same
color (which is possible because there are only two forbidden colors for
each of y1 , y&1), and then we color y0 . Then z is joined to only two colors.
If z does not exist, then we give y0 and y1 any available color. (Note that
we have at least two choices for each of c( y0) and c( y1).) Suppose we have
already colored y0 , y1 , ..., yi (1is&1) (or decided that some of them
should not be colored). If is&2 and there exists a vertex u joined to
yi , yi+1 , yi+2 , then yi+1 has degree 5 and will not be colored. If possible,
we let c( yi+2) be one of the colors c( yi), c(xi+1). If this is not possible,
then [c( yi), c(xi+1)]=[c(xi+2), c(xi+3)] which implies that c(xi+2)=
c( yi) (because c(xi+2){c(xi+1)). In this case we give yi+2 any available
color. In any case, yi+1 has degree 5 and is joined to two vertices of the
same color and therefore, we shall not color yi+1.
If there is no vertex u joined to yi , yi+1 , yi+2 or i>s&2, then we give
yi+1 any available color. (Note that in this case we have at least two
choices for c( yi+1).) If some vertex is joined to xs+1 , ys , ys&1 , then ys has
degree 4 and we do not color ys . In this way we color some vertices
amongst y0 , y1 , ..., ys , and similarly for y0 , y&1 , y&2, ..., y&r . The special
path P inside C has less than q vertices and there are at most q2 augmen-
table vertices inside C. Also, when we have colored P the number of
augmentable vertices decreases. So, if we iterate this procedure, we get rid
of the augmentable vertices by coloring less than q22 vertices. When we
add a vertex the number of faces increases by at most 2. Hence the resulting
colored subgraph can play the role of H. K
We can now prove the main result of this section which implies that
every (5, q)-critical plane graph in which the precolored vertices are those
on the outer cycle has at most 5q
3
vertices.
Theorem 5.5. Let G be a 2-connected plane graph with no separating
triangle and with outer cycle C of length q. Let c be a 5-coloring of G(C).
Then G contains a connected subgraph H with at most 5q 3 vertices such that
either (i) or (ii) below holds.
(i) c cannot be extended to a 5-coloring of H,
(ii) c can be extended to a 5-coloring of H such that each vertex of
G&H which is joined to more than two colors of H either has degree at most
4 or has degree 5 and is joined to two distinct vertices of H of the same color.
The coloring of H in (ii) can be extended to a 5-coloring of G.
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Proof. The last statement of Theorem 5.5 follows from Theorem 5.3. (If
a vertex v of G&H is joined to more than two colors of H, then we delete
all edges from v to H before we extend c to G. Then v may get the same
color as a neighbor in H. However, as v has degree at most 4 or has
degree 5 and is joined to two vertices of H of the same color, we can
recolor v.)
We now prove by induction on q that H exists.
If G satisfies the assumption of Proposition 5.4, then claim (ii) in
Theorem 5.5 follows from Proposition 5.4. So assume that G has a 2-
connected subgraph G$ containing C such that G$ has at most q2 vertices
and each facial cycle (distinct from C) of G$ has length at most q&1.
If c cannot be extended to G$, then (i) holds with H=G$. So assume that c
can be extended to G$. Consider any such extension which we also call c.
If, for each facial cycle C$ of G$, Int(C$) contains a subgraph H$ of G
satisfying (ii) (with the length of C$ instead of q), then |V(H$)|5(q&1) 3
and the union of these H$ taken over all facial cycles C$ form a subgraph
H with
|V(H)|<2q25(q&1) 3<5q 3.
(The first inequality follows since G$ has less than 2q2 faces.) Then H
satisfies (ii). We may therefore assume that, for some facial cycle C$ of
G$, Int(C$) contains a subgraph H$ satisfying (i), i.e. the coloring of C$
cannot be extended to H$. Now the union of these H$ taken over all
colorings of G$ form a subgraph H with
|V(H)|5q25(q&1)3<5q3.
Then H satisfies (i). K
6. EXTENDING A 5-COLORING OF THE INNER AND OUTER
CYCLE OF A CYLINDER TRIANGULATION
We shall consider the case where no vertex is joined to more than two
colors of the outer or inner cycle. Then the idea is to connect the inner and
outer cycle with a path which we 5-color such that Theorem 5.3 can be
applied. The presence of many separating triangles will cause problems and
therefore we dispose of that case separately. We shall make use of the main
result of [20] which is described in Section 12. Here we shall only need
the following corollary of that result: A graph on the torus is 5-colorable
unless it contains a K6 or a specific triangulation of the torus with ill
vertices.
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Proposition 6.1. Let G be a triangulation of the plane containing
pairwise disjoint triangles T0 , T1 , ..., T12 such that T12 is the outer triangle
and int(T12)$ } } } $int(T0). Let c be a 5-coloring of T0 _ T12 . Then c can
be extended to a 5-coloring of G.
Proof. Assume without loss of generality that T0 has colors 1, 2, 3 and
that T0 is a facial cycle (since otherwise int(T0) can be 5-colored by the
5-color theorem). We now form a toroidal graph H from Ext(T0) & Int(T4)
by identifying two vertices of T0 with two vertices of T4 and then adding
an edge from the third vertex of T4 to the third vertex of T0 . Clearly H
contains no K6 (not even K5). Also, H does not contain a triangulation of
the torus with 11 vertices (because then the noncontractible triangles in H
would be precisely the noncontractible triangles in that triangulation. But
H has 4 pairwise disjoint noncontractible triangles). So H is 5-colorable by
[20]. Hence the 3-coloring of T0 can be extended to a 5-coloring of Ext(T0) &
Int(T4) such that T4 has colors 1, 2, 4. Moreover, the two vertices of colors
1, 2 can be chosen arbitrarily on T4 except that they must occur in the
same clockwise order on T4 as they do on T0 . Repeating this argument for
Ext(T4) & Int(T8) and for Ext(T8) & Int(T12) gives the desired 5-coloring
of G. K
Lemma 6.2. Let P : x1x2 } } } x11 be a geodesic in a planar graph G with
no separating triangle. Assume that G has no path of length 3 from P to
a facial walk of length 4. Let c be a coloring of [x1 , x2 , x3 , x9 , x10 , x11]
such that c(x1)=c(x3)=1, c(x2)=c(x10)=2 and c(x9)=c(x11)=3. Then c
can be extended to a 5-coloring of a subgraph H of G such that either H=P
or H is obtained from P by adding a vertex v0 joined to x5 , x6 , x7 and
possibly replacing one or both of the paths x3x4x5 , x7x8x9 by other paths of
length 2. Moreover, if z is a vertex of G&H, then either z is joined to at
most two colors or else z is joined to precisely three vertices in H and either
z or one of its neighbors on P have degree 4 in G.
Proof. If the coloring 1, 2, 1, 2, 1, 2, 3, 2, 3, 2, 3 of x1 , x2 , ..., x11 does
not satisfy the conclusion of Lemma 6.2, then there exists a vertex v0 joined
to x5 , x6 , x7 . (As P is a geodesic, no vertex is joined to more than three
vertices of P. If a vertex z is joined to three vertices of P, then they are
consecutive, and all edges from z to P enter P on the same side of P
because G has no separating triangle.) We may assume that no vertex
v, v{v0 , is joined to x5 , x6 , x7 since otherwise x6 has degree 4. We may
similarly assume that there is a vertex v1 joined to x3 , x4 , x5 and a vertex
v2 joined to x7 , x8 , x9 . We may assume that v0 , v1 , v2 are on the same side
of P since otherwise we replace one or both of x3x4 x5 , x7 x8x9 by x3 v1 x5
or x7 v2 x9 , respectively. If some vertex in G&P is joined to x5 , v0 , x7 then
v0 has degree 4 and we have finished. Otherwise, we color v0 by 4. Then no
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vertex is joined to 3 colors. (Note that some vertex v$ may be joined to
both v0 and one of x4 , x8 . But then v$ is not joined to any other vertex
of P.) K
Proposition 6.3. Let P and G be as in Lemma 6.2 except that now
P : x1 x2 } } } xm+1 has length m37. Let c be a coloring of x1 , x2 , x3 , xm&2 ,
xm&1 , xm such that c(x1)=c(x3) and c(xm&1)=c(xm+1). Then c can be
extended to a 5-coloring of a subgraph H of G such that H is obtained from
P by modifications close to x6 , x15 , x24 , x33 as in Proposition 6.2. Moreover,
if z is a vertex of G&H, then either z is joined to at most two colors in H
or else z is joined to three vertices of H and either z or one of its neighbors
on H has degree 4 in G.
Proof. Assume without loss of generality that c(x1)=c(x3)=1,
c(x2)=2. Applying Lemma 6.2 to the geodesic x1 } } } x11 we color a subgraph
H1 satisfying the conclusion of Lemma 6.2 where c(x11)=c(x9)=3 and
c(x10)=2. We also put c(x12)=2. Then we apply Lemma 6.2 to x10 x11 } } } x20
where c(x20)=4, c(x19)=3. Note that we have extended c such that
x19 , x20 have any two prescribed colors in [3, 4, 5]. Repeating this for
x19 x20 } } } x38 instead of x1x2 } } } x20 we can give x38 and x37 any two
prescribed colors. It is now easy to complete the proof. K
Proposition 6.4. Let G be a cylinder triangulation with inner cycle C0
and outer cycle S such that dist(C0 , S)600. Let P0 be a path from S to the
2-canonical cycle for S with respect to C0 such that P0 has only one vertex
on the 2-canonical cycle. Let c be a 5-coloring of G(C0 _ S _ P0) such that
P0 has only two colors, and no vertex of G&(C0 _ S _ P0) is joined to more
than two colors. Then c can be extended to a 5-coloring of G.
Proof. We may assume that G has no contractible separating triangle.
(For otherwise we delete the interior of every such triangle, and prove
Proposition 6.4 for the resulting graph G$. The 5-coloring of G$ extends
to G.)
Let Ci be the i-canonical cycles for C0 w.r.t. S for i=1, 2. Then C2 has
at most one vertex z such that z together with two adjacent vertices on C1
induce a triangle having C0 in its interior. If C2 has such a vertex z, then
we pick x2 # V(C2)"[z]. Otherwise we let x2 be any vertex in C2 . Let
x2 x3 } } } xq be a path such that the last part of this path is P0 and such that
each vertex of this path, but not in P0 _ C2 , has distance at least 3 to
S _ C0 . Without loss of generality we can assume that x2x3x4 } } } xq
contains a geodesic P1 of length 13 } 43 and of distance at least 10 from
S _ C0 . We think of P1 as the union of 13 geodesics of length 43. We can
assume one of these contains a geodesic P2 of length 37 such that no vertex
of P2 is in a separating triangle. (For otherwise, G contains pairwise disjoint
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triangles T1 , T2 , ..., T13 such that C0 int(T1)int(T2) } } } int(T13).
By Theorem 5.3 we extend c to a 5-coloring of Int(T1) _ Ext(T13) and then
we complete the proof using Proposition 6.1.) We shall later apply
Proposition 6.3 to P2 . Let C1 : y1 y2 } } } yky1 and C0 : z0z1 } } } zmz0 in clock-
wise order where the notation is chosen such that x2 is joined to y1 , yp
( p1) and to no vertex in [ yp+1 , ..., yk], (and C0 is outside the cycle
x2 y1 y2 } } } yp x2). By the choice of x2 , p<k. Assume without loss of
generality that y1 is joined to z0 and to no vertex of color 3, 4 or 5 on C0 .
Consider first the case where some vertex yr( prk) is joined to a
vertex of C0 of color 3, 4 or 5, say color 3. Let r be the largest such
number. Then we color yr+1 , yr+2 , ..., yk , y1 , x2 , x3 alternately by colors 3
and 4. By Proposition 6.3 (applied to P2 and the subgraph induced by the
vertices of distance at most 4 to P2) we extend the coloring to y1x2x3 } } } xq
(and possibly 12 more vertices) such that no uncolored vertex of G is
joined to three distinct colors, unless it has degree at most 4. We let H
denote the colored subgraph. Let H$ be the subgraph induced by the
uncolored vertices of G. If z is a vertex in H$ & Ext(C1) joined to [ y1 , x2]
by an edge leaving on the left hand side of z0y1x2x3 } } } , then we let
L(z)=[1, 2, 5]. For each other vertex z of H$ joined to a colored vertex
we let L(z) be the set of colors in [1, 2, 3, 4, 5] except those (at most 2)
colors in H&[ y1 , x2] to which z is joined. (If z is joined to a colored
vertex of degree 4 we ignore that color here. If z itself has degree 4, we put
L(v)=[1, 2, 3, 4, 5]. This may result in 5-colorings where some neighbors
have the same color. But vertices of degree 4 can always be recolored.) We
shall now apply Theorem 5.2 to each component of H$. If H" is a component
of H$ in Ext(C0) & Int(C1) that is, H" is in the interior of a cycle which
consists of a path in C0 and a path of length 0 or 1 in C1 and two edges
from C1 to C0 , then we add the path of length 0 or 1 in C1 to H" and
extend the coloring to H" using Theorem 5.2. So only the component Q of
H$ containing y2 } } } yr needs special attention. We add to Q the vertices x2
and y1 and all edges from [x2 , y1] to Q leaving z0 y1x2 x3 } } } on the right
hand side. Since there are no edges in Q (or more precisely, the enlarged Q)
leaving [ y1 , x2] to the left hand side of z0y1x2x3 } } } , all vertices z for
which |L(z)|<5 are on the same facial walk of Q. So Q has a list coloring.
That list coloring is also a 5-coloring of G because the lists are made such
that the edges leaving [ y1 , x2] to the left hand side of z0 y1 x2 } } } do not
join vertices of the same color. This completes the proof when some
yi ( pik) is joined to a vertex of C0 of color 3, 4 or 5. So assume that
each yi ( pik) is joined only to colors 1 and 2 on C0 .
Let r be the largest number such that yp is joined to zr . Assume first that
p>1. Now we extend the coloring of z0z1 } } } zr to a 5-coloring of the cycle
C : x2y1 z0z1 } } } zrypx2 and its interior. (If G contains the cycle x2y1z0ypx2 ,
and C0 is inside that cycle we consider that cycle instead of C.) To achieve
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the color extension, we let, for each vertex z inside C, L(z) consist of
[1, 2, ..., 5] except those (at most 2) colors on C0 to which z is joined.
Recall that each of y1 , yp is joined to no color in [3, 4, 5]. We let L( y1)=
L(x2)=L( yp)=[3, 4, 5] and we then apply Theorem 5.2 to color y1 , x2 ,
yp and all vertices inside C. It is here important that p<k since yp and y1
may get the same color. We extend the coloring of y1x2 yp to the cycle
y1 x2 ypyp+1 } } } y1 such that, if possible, only two of the colors 3, 4, 5 are
used. If this is not possible then we color y1x2ypyp+1 } } } y1 in such a way
that one of the colors [3, 4, 5] is used once and the other two are used for
the remaining vertices. We may assume that neither of y1 , x2 is the vertex
with the exceptional color. (For, if [c( y1), c(x2), c( yp)]=[3, 4, 5], then we
let yp be the exceptional vertex. Otherwise, we let a vertex {y1 , x2 , yp be
the exceptional vertex.) Now we use Proposition 6.3 to color the path
z0y1 x2 x3 } } } xq (or a slight modification of it) such that no vertex of degree
>4 is joined to three colors of that path. By applying Theorem 5.2 to each
face of the resulting colored graph we extend c to a 5-coloring of G. When
we color the boundary of the face containing S, we consider the vertex having
the exceptional color in [3, 4, 5] as being a precolored vertex of the graph
that has to be colored. If yp= y1 , the argument is similar and simpler: We
first color the path x2y1 y2 } } } yk alternately by 3 and 4 except that perhaps
yk gets color 5. K
7. 5-COLORED SEPARATORS IN CYLINDER TRIANGULATIONS
In Proposition 6.4 there is a condition on the outer cycle, namely the
path P0 , which is not imposed on the inner cycle. In Section 8 we shall
extend 5-colorings on many cycles which are far apart from each other and
which do not have the above path P0 going out from the cycles. In order
to reduce that general case to Proposition 6.4 we shall break the graph up
intro subgraphs using what we call 5-colored separators defined below.
Let G be a cylinder triangulation with inner cycle S1 and outer cycle S2 .
We define a 5-colored (S1 , S2)-separator as a 5-colored subgraph in G
which is the union of three subgraphs H, P1 , P2 satisfying the following
(i) dist(H, Si)2 for i=1, 2.
(ii) For i=1, 2, Pi is a path with two colors from H to Si .
(iii) No uncolored vertex z is joined to three colors, unless z has
degree 5 and is joined to two vertices of the same color or z has degree 4.
(iv) H has two cycles S$1 , S$2 such that S1 int(S$1), H=Ext(S$1) &
Int(S$2).
We say that H is the separating part of H _ P1 _ P2 .
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Proposition 7.1. Let q be a natural number, q4, and let G be a cylinder
triangulation with inner cycle C1 and outer cycle C100 and cycles C1 ,
C2 , ..., C100 such that, C1 , C2 , ..., C100 are pairwise disjoint q-cycles (q4),
C1 int(C2) } } } int(C100), and G has q pairwise disjoint paths from C1
to C100 . Then G has a 5-colored (C1 , C100)-separator. If q5, then the
5-colored (C1 , C100)-separator can be chosen such that the separating part is
a cycle. If q6, q even, then the 5-colored (C1 , C100)-separator can be
chosen such that the separating part is an even cycle.
Proof. Let R1 , R2 , ..., Rq be q pairwise disjoint chordless paths from C1
to C100 such that Ri : xi, 1 } } } xi, 2 } } } xi, 100 and Cj : x1, jx2, j } } } xq, jx1, j for
1iq, 1 j100.
Consider first the case where q is even. If C50 cannot play the role of H,
then one of its 1-canonical cycles with respect to C1 or C100 , say C$50 in
ext(C50), has the property that each vertex of C$50 has at least two
neighbors on C50 . But, this is only possible if C$50 is of the form
x$1, 50 x$2, 50 } } } x$q, 50 where x$i, 50 is on Ri and is joined to xi, 50 and xi+1, 50 for
i=1, 2, ..., q. If q6, then we let H be an even chordless cycle such
that V(H)V(C50) _ V(C$50) and such that H intersects both C50 and
C$50 . Then H can be extended to a 5-colored (C1 , C100)-separator
(using only two colors) by letting P1 and P2 be subpaths of two appro-
priate paths in R1 _ } } } _ R100 . Note that, if xi, 50 } } } xi, 1 has a vertex
distinct from xi, 50 joined to xi+1, 50 , then xi+150 } } } xi+1, 1 does not have a
vertex distinct from xi+1, 50 joined to xi, 50 . Therefore it is possible to find
P1 and P2 .
If q=4, then we color C50 by 1, 2 and C$50 by 3,4. This colored subgraph
can be extended to a 5-colored (C1 , C100)-separator unless the 1-canonical
cycle C"50 for C50 (or C$50) with respect to C1 (or C100) has length 4 and
each vertex of C"50 is joined to precisely two vertices of C50 _ C$50 . By then
we let H be an even chordless cycle such that V(H)V(C50) _ V(C$50) _
V(C"50) and such that H intersects each of C50 , C$50 , C"50 . Repeating the
argument of the previous paragraph, H is the separating part of a 5-colored
(C1 , C100)-separator. This completes the proof when q is even. Assume
therefore that q is odd, q5. (In the proof below the case q=5 is the most
difficult one.)
If e is an edge from xi, j to xi+1, j } } } xi+1, j+1 such that e is not the edge
xi, j xj+1, j and the cycle containing e and a path in xi, j xi+1, j } } } xi+1, j+1
has all other edges from xi, j to xi+1, j } } } xi+1, j+1 as chords, then e is
called a maximal chord. If that cycle is odd, then e is called a parity breaker
and we say that it is close to xi+1, j . We also use this terminology if i+1
or j+1 or both are replaced by i&1 or j&1, respectively. If there are four
parity breakers close to xi, j , then we say that xi, j is surrounded by parity
breakers.
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Let G$=C1 _ } } } _ C100 _ R1 _ } } } Rq . Recall that each of R1 , ..., Rq is
chordless. Suppose first that G has no parity breakers in Ext(C5) &
Int(C95). Then we let H$ be a noncontractible chordless cycle in Ext(C5) &
Int(C95) & G$ intersecting both C5 and C95 . If H$ can be chosen such that
H$ is even, then we replace paths in H$ by maximal chords and obtain an
even chordless cycle in G which can play the role of H. (Note that, as
above, P1 and P2 can be chosen such that they are paths in R1 _ } } } _ Rq .)
So assume that H$ cannot be chosen to be even. Then for each
i # [5, ..., 94] all of the q paths in (R1 _ } } } _ Rq) & Ext(Ci) & Int(Ci+1)
have the same parity. We now let H$ be a chordless, noncontractible cycle
in G$ & Ext(C5) & Int(C95) intersecting both of C5 , C95 . We replace paths
of H$ by maximal chords and obtain a noncontractible odd cycle H in G
intersecting both C5 and C95 . We choose H$, H and three vertices
x1 , x2 , x3 in H & Ext(C6) & Int(C94) such that the three paths in
H&[x1 , x2 , x3] have odd length. Then we color xi by color i and we color
H such that x1 , x2 , x3 are the only vertices joined to vertices of distinct
color. We choose x1 , x2 , x3 in C6 _ } } } _ C94 . Moreover, if it is possible,
then we choose xi (i=1, 2, 3) such that one of the two edges in H which is
incident with xi is an edge of R1 _ } } } _ Rq and the other is a maximal
chord. Since that maximal chord is not a parity breaker and since all paths
Rj are induced and of the same parity, between Ci and Ci+1 , there is no
vertex which is joined to both xi and to vertices with the other two colors.
Thus there are many possible choices for x1 , x2 , x3 except that we need to
argue why they can be chosen such that they divide H into three odd paths.
Using a path in C5 of length 3 or q&3 we can find a chordless path S1 in
Int(C40) from C40 to C40 containing two vertices u1 , u2 of odd distance on
S1 such that u1 , u2 can play the role of two of x1 , x2 , x3 after S1 has been
extended to a cycle. We find a similar path S2 in Ext(C60) containing two
vertices of odd distance v1 , v2 which can play the role of two of x1 , x2 , x3 .
Now we connect S1 and S2 in Ext(C40) & Int(C60) such that we obtain a
chordless noncontractible cycle H (after having replaced paths by maximal
chords incident with C5 or C95 if necessary). Since H is odd some three of
u1 , u2 , v1 , v2 can play the role of x1 , x2 , x3 . This completes the proof when
G has no parity breaker.
Assume now that G has a parity breaker from xi+1, j to xi, j&1 } } } xi, j
where 1iq, 5 j95. We consider the two paths
S$1 : xi&1, 5xi, 5 } } } xi, 6 } } } xi, jxi+1, j xi+2, j
and
S$2 : xi&1, 5 } } } xi&1, 6 } } } xi&1, j xi, j xi+1, jxi+2, j
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and we let S1 and S2 be chordless paths obtained from S$1 and S$2 by
replacing paths by maximal chords. If S1 and S2 have different parity, then
we consider a path S3 such that S1 _ S3 and S2 _ S3 are chordless noncon-
tractible cycles. One of them is even and can play the role of the separating
part in a 5-colored (C1 , C100)-separator. So we may assume that S1 and S2
have the same parity. Repeating this argument with
xi&1, 5xi, 5 } } } xi, 6 } } } xi, j } } } xi, j+1
and
xi&1, 5 } } } xi&1, 6 } } } xi&1, j xi, j } } } xi, j+1
we conclude that there is no maximal chord from xi, j to xi&1, j&1 } } } xi&1, j .
But then there must be a parity breaker from xi&1, j to xi, j } } } xi, j+1.
Repeating the same argument for
xi&1, 5xi, 5 } } } xi, 6 } } } xi, j xi&1, j } } } xi&1, j+1
and
xi&1, 5 } } } xi&1, 6 } } } xi&1, j } } } xi&1, j+1
we conclude that there is a parity breaker from xi, j&1 } } } xi, j to xi&1, j . By
considering that parity breaker instead of the one from xi+1, j and repeating
the above reasoning, we conclude that xi, j is surrounded by parity
breakers. So every vertex in Ext(C6) & Int(C94) close to a parity breaker is
surrounded by parity breakers. Note that no two neighbors on Ci(6i94)
can both be surrounded by parity breakers.
We now follow the same strategy as in the case where there are no parity
breakers: We find a chordless noncontractible cycle H with two vertices
v1 , v2 in Int(C40) and with two vertices u1 , u2 in Ext(C60) such that
the path between v1 and v2 (respectively u1 and u2) in H & Int(C40)
(respectively H & Ext(C60)) has odd length and such that no vertex is
joined to two vertices close to each other on H but far apart in H&v1 (or
H&v2 or H&u1 or H&u2). Then either H is even or some three of v1 , v2 ,
u1 , u2 divide H into three odd paths and the method in the previous case
applies. H can be found as follows. If there are no parity breaker in
[Ext(C5) & Int(C15)] _ [Ext(C85) & Int(C95)] then we use the method of
the previous case. So assume that say x1, j (5 j15) is surrounded by
parity breakers. Similarly, we may assume that there is a vertex in ext(C15)
& int(C25) and also one in ext(C75) & int(C85) which are surrounded by
parity breakers. Using these parity breakers we can find a chordless path
S1 in Int(C55) from C55 to C55 having the two desired vertices v1 , v2 . If
say x1, j (5 j15) is surrounded by parity breakers, then we may use one
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of the paths x2, j+1 } } } x2, j x1, jxq, j } } } xq, j+1 or x2, j+1 } } } x2, jx3, j } } }
xq, j } } } xq, j+1 which have distinct parity and which do not change parity
after replacement of paths by maximal chords. We leave the details for the
reader. K
Theorem 7.2. Let G be a 4-connected cylinder triangulation with inner
cycle C0 and outer cycle C1060 and disjoint cycles C1 , C2 , ... such that
C0 int(C1) } } } int(C1060). Then G has a 5-colored (C0 , C1060)-sepa-
rator.
Proof. If G has 100 pairwise disjoint noncontractible 4-cycles, then we
apply Proposition 7.1. So we may assume that there is a j(1 j100) such
that Ext(C1058( j&1)) & Int(C1058j) has no noncontractible 4-cycle. Repeating
this argument we may assume that there is a q(1q1057) such that
Ext(C1000(q&1)) & Int(C1000q) has no noncontractible cycle of length 30.
Now put C$0=C1000(q&1) and let C$i be the i-canonical cycle for C$0 with
respect to C1060 for 0<i1000. Then G$=Ext(C$0) & Int(C$1000) has no
noncontractible cycle of length 30. Now we let P0 be a geodesic from C$0
to C$1000 obtained by starting at C$1000 and walking towards C$0 and always
choosing the leftmost edge until we reach C$500 and then the rightmost edge,
when there is a choice. We shall also construct a cycle H$ as follows: We
follow P0 from C$995 and then we turn right along C$5 . We shall later
explain how to complete H$ into a cycle which will be part of the separat-
ing part in a (C$0 , C$1000)-separator. First we explain how to obtain the
paths P1 and P2 in that separator. If there is more than one edge from
P0 & C$5 to C$4 , then we let P1 be a geodesic from P0 & C$5 to C$0 obtained
by always choosing the leftmost edge. If there is only one edge from
C$5 & P0 to C$4 , then we modify H$ such that H$ will contain that edge and
then the right edge on C$4 . P1 is obtained by instead turning left on C$4 and
then turning right towards C$3 the first time, it is possible to reach a vertex
on C$3 , which is not joined to H$. P2 is the subpath of P0 from C$1000
to C$995 , and H$ contains the edge on C$995 leaving P0 to the left when
traversed from C$1000 to C$0 .
We now explain how H$ is completed into a cycle. We cut G$ along
the path P4=(P0 & H$) _ P1 _ P2 such that P4 _ C$1000 _ C$0 (or more
precisely, C$0 _ C$1000 union the two copies of P4) becomes a cycle, and we
consider the 5-canonical cycle of C$0 _ C$100 _ P4 . In that 5-canonical cycle
there is a path P3 from C$4 to C$996 such that from each vertex of P3 there
is a path of length 5 to P4 hitting P4 on the right hand side (when we
traverse P4 from C$0 to C$1000). Now H$ is the union of part of P3 , part of
P0 , a short path on C$995 , a long path on C$5 or C$4 and possibly one or two
edges such that H$ becomes a chordless, noncontractible cycle (if possible).
If H$ is a chordless cycle of even length, then H$ is part of a 5-colored
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(C$0 , C$1000)-separator which can easily be extended to a 5-colored
(C0 , C10 60)-separator. But, two problems remain:
(i) H$ may have odd length and
(ii) H$ may have a chord close to P2 which cannot be disposed of in
this way
We first dispose of (ii). Let P0: x0 x1x2 } } } where xi # V(C$1000&i) for
i=0, 1, .... Let C$996 : z0z1 } } } zrz0 , C$995 : y0y1 } } } ysy0 and C$994 : u0u1 } } } ut u0
where z0=x4 , y0=x5 , u0=x6 , and C$996 , C$995 , C$994 are transversed in the
clockwise direction. The problem in (ii) is that the edge y1x6 is present.
Working with C$996 instead of C$995 we may assume that also z1x5 is
present. If x3 is joined to no vertex of C$996&x4 then we let H$ contain the
path z2z1 x4zr } } } ziyjukuk+1 } } } ut x6x7 } } } where i is the largest number
such that zi is joined to a vertex yj { y0 and j, k are the largest numbers
such that the path ziyjuk exists. (Possibly uk=u0 . Also, if uk uk+1 } } }
ut x6x7 has a chord we use that instead.) So we may assume that x3 is
joined to some vertex of C$996&x4 . Similarly, x4 is joined to a vertex yj in
C$995&x5 . Now we let H$ contain a path of the form z2z1 x4yjuk uk+1 } } } .
This disposes of the problem (ii).
Finally we consider the case where H$ has odd length. In this case we
3-color H$ such that a long path in H$ has colors 1,2 and the other (long)
path has colors 1, 3. Where the two paths meet we uncolor two paths of
length 10 and then we use Lemma 6.2 to recolor these two paths of length
10 so that we obtain a 5-colored (C$0 , C$1000)-separator.
Note that no vertex is joined to both P3 and a vertex of distance 2
to P0 since that would imply the existence of a noncontractible cycle of
length 30. K
Theorem 7.3 below is an essential tool for the general results.
Theorem 7.3. Let G be a planar graph with outer cycle C2 and another
facial cycle C1 such that dist(C1 , C2)1062. Let C1 _ C2 be 5-colored such
that any uncolored vertex which is joined to more than two colors either has
degree 4 or has degree 5 and is joined to two vertices of the same color.
Then the coloring of C1 _ C2 can be extended to a 5-coloring of G.
Proof. First we delete all uncolored vertices which are joined to at least
3 colors. It is sufficient to 5-color the remaining graph. We can extend that
graph to a cylinder triangulation with inner cycle C1 such that no vertex
is joined to three colors, and such that dist(C1 , C2) is unchanged. So we
may in fact assume that G is a cylinder triangulation and that no vertex is
joined to three colors.
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Let T1 , T2 , ..., Tr be a maximal collection of pairwise disjoint triangles
such that
C1 int(T1)int(T2) } } } int(Tr).
If r13 we complete the proof by applying Theorem 5.3 to Int(T1) and
to Ext(Tr) and then applying Proposition 6.1 to Ext(T1) & Int(Tr). So
assume that r12. Then there exists an i, 0ir, such that dist(Ti , Ti+1)
1060+1200. (Here T0=C1 , Tr+1=C2). By Proposition 7.2, there is a
5-colored (R1 , R2)-separator where R1 and R2 are the 600-canonical cycle
and the (600+1060)-canonical cycle of Ti , respectively. Then we apply
Proposition 6.4 to the two parts that the 5-colored (R1 , R2)-separator
divides G into. (The paths P1 , P2 in the 5-colored (R1 , R2)-separator have
to be shortened before they can play the role of P0 in Proposition 6.4.) K
8. EXTENDING A 5-COLORING OF MANY CYCLES
THAT ARE FAR APART
For the next result we introduce increasing functions :(s, p, m) and ;(s)
where s, p, m are nonnegative integers. As : and ; are fast growing and not
interesting in their own right, we merely state the inequalities they should
satisfy: ;(s)1063 and ;(s)>2;(s&1)&2. Moreover,
:(s, 0, 0)>4;(s),
1
2:(s, 0, 0)&;(s&1)&1>;(s)&2;(s&1)&3
>:[s&2, 1, 5q3 ]+5q 3
where q=4;(s&1)+7 and s2. Also, :(s, p, m):(s&1, p, q)+q+5q 3
and :(s, p, m):(s, p&1, q)+q+5q 3 where q=6;(s)+1+m.
Finally, :(s, p, m):(s+1, p&1, m)+2;(s).
To see that these functions exist we first put :(0, 0, m)=;(0)=1063 for
all m. Let us assume that t is a natural number such that :(s, p, m) is
defined for s+ p<t and for all m and that ;(s) is defined for s<t. Then
we define ;(t) such that it satisfies the fifth inequality. For each m0, we
successively define :(t, 0, m), :(t&1, 1, m), ..., :(0, t, m) such that the
relevant inequalities are satisfied.
Theorem 8.1. Let G be a connected plane graph. Let S1 , S2 , ..., Ss , C1 ,
C2 , ..., Cp be chordless facial cycles and assume that all other facial cycles
are triangles. Assume that no triangle separates two of S1 , S2 , ..., Ss . Assume
that m is a natural number such that
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(a) |V(Ci)|m for i=1, 2, ..., p and
(b) the distance between any two of S1 , ..., Ss , C1 , ..., Cp is at least
:(s, p, m).
Assume further that
(c) for each i # [1, 2, ..., s], the ;(s)-canonical cycle for Si has no cycle
of S1 , ..., Ss , C1 , ..., Cp (except Si) in its interior.
Let Pi be a chordless path from Si to the 2-canonical cycle of Si and
let c be a 5-coloring of S1 , ..., Ss , C1 , ..., Cp , P1 , ..., Ps such that for each
i=1, 2, ..., s,
(d) Pi has only two colors. (The two colors of Pi need not be the same
as the two colors of Pj when 1i< js.)
Assume finally that
(e) no vertex v of G&(S1 _ } } } _ Ss _ C1 _ } } } _ Cp _ P1 _ } } } _ Ps)
is joined to more than two colors unless v has degree 4 or v has degree 5 and
is joined to two vertices of the same color.
Then c can be extended to a 5-coloring of G.
Proof. (by contradiction). Assume that G is a counterexample such that
(1) s+ p is minimum, and
(2) p is minimum subject to (1).
By Theorem 5.3
(3) s+ p2.
Proposition 6.4 implies Theorem 8.1 in the case s= p=1. If s=2, p=0,
Theorem 8.1 follows by an easier argument. Theorem 7.3 proves
Theorem 8.1 in the case s=0, p=2. So we can assume that
(4) s+ p3.
We shall now prove
(5) p1.
Proof of (5). Suppose (reductio ad absurdum) that p=0. Then s3 by
(4). Assume that the notation is such that
dist(S1 , S2)dist(Si , Sj) for 1i< js.
Let P0 be a chordless path from S1 to S2 such that P0 contains P1 and
P2 and a geodesic from the 3-canonical cycle of S1 to the 3-canonical cycle
of S2 . The idea now is to extend c to a coloring of P0 and cut G along P0
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such that S1 _ S2 _ P0 becomes a facial cycle in the new graph G$. Then
we have only s&1 colored cycles and we obtain a contradiction to the
minimality of s+ p=s. Formally, we argue as follows.
First we concentrate on conditions (d) and (e) for the new graph G$. If
the 1-canonical cycle for S1 _ S2 _ P0 with respect to S3 has a vertex
joined by only one edge to S1 _ S2 _ P0 we can use that edge as the first
edge of the path from S1 _ S2 _ P0 to the 2-canonical cycle of S1 _ S2 _ P0 .
In that case (d) is satisfied. On the other hand, if all vertices of the
1-canonical cycle of S1 _ S2 _ P0 have at least two neighbors on S1 _
S2 _ P0 , then that 1-canonical cycle has a long path all vertices of which
have precisely two consecutive neighbors on P0 (because P0 is a geodesic).
But then some path of P0 of length 2 can be replaced by an appropriate
path of length 3 so that (d) can be satisfied. Next, we use Proposition 6.3
to first modify P0 and then to extend c to a 5-coloring of P0 and possibly
four additional vertices each joined to three consecutive vertices of P0 such
that S1 and S2 are in the same colored component. We think of the outer
face boundary of that component as a cycle S$1 . (This can be achieved after
an appropriate cutting of the colored component containing S1 _ S2 .)
We now consider the cycles S$1 , S3 , ..., Ss instead of S1 , S2 , ..., Ss and we
obtain a contradiction to the minimality of s unless there is one of the
conditions (a)(e) which is not satisfied. Conditions (d) and (e) are
satisfied by the way S$1 is constructed. (a) is void. (b) holds since, for each
i=3, 4, ..., s, dist(Si , S$1)dist(Si , S1 _ S2 _ P0)&3 12 dist(S1 , S2)&3
1
2:(s, 0, 0)&3:(s&1, 0, 0). (Here the first distance is in G$ while the
others are in G.) The second inequality follows since dist(S1 , S2)
min[dist(S1 , Si), dist(S2 , Si)]. So we may assume that (c) does not hold
for S$1 , S3 , ..., Ss . For each i=3, 4, ..., s, P0 is outside of and has distance
>;(s) to the ;(s)-canonical cycle of Si because :(s, 0, 0)>4;(s). We may
choose the outer triangle such that Ss has distance ;(s) to it. Hence P0 has
distance ;(s) to the outer triangle of G. We may also assume that S3 ,
say, is inside the ;(s&1)-canonical cycle of S$1 , and that Ss is outside that
canonical cycle.
We now consider a path Q of length at most 2;(s&1)+1 from S$1 to S$1
such that the cycle R consisting of Q and a path of S$1 has S3 in the interior.
(As pointed out by a referee, it is possible that Q cannot be chosen to be
a path but just a walk. We address this problem later. First we assume that
Q is a path.) By (c), Q does not have an end in S1 _ S2 . Since every vertex
of S$1&P0 is either on S1 _ S2 or is a neighbor of P0 , and since P0 is a
geodesic we can extend Q to a cycle C in G such that C has length at most
4;(s&1)+3 and such that C separates two of the cycles S1 , S2 , S3 or
separates S1 _ S2 _ S3 from Ss . (Note that Q may hit P0 on different sides
so we cannot tell which of S1 , S2 , S3 are separated by C.) Since dist(Si ,
S1 _ S2)dist(S1 , S2):(s, 0, 0) for i=3, 4, ..., s it follows that each of
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S3 , S4 , ..., Ss has distance at least 12:(s, 0, 0)&;(s&1)&1 to C. Also, C has
distance at least ;(s)&2;(s&1)&3 to S1 _ S2 because S3 is not inside the
;(s)-canonical cycle of S1 or S2 .
We now forget about P0 and S$1 and concentrate on the cycle C which
has length at most 4;(s&1)+3 and which separates some two of S1 , ..., Ss
and which has distance at least ;(s)&2;(s&1)&3 to S1 _ } } } _ Ss . (Note
that, if Q cannot be chosen to be a path, then Q contains a cycle which can
play the role of C.) As s3, we may assume that at least two of the cycles
S1 , ..., Ss are outside C. Let c$ denote the restriction of c to the cycles of
S1 , ..., Ss outside C. By the minimality of s+ p, c$ can be extended to a
5-coloring of G which we also call c$. Let c denote the restriction of c$ to
Ext(C) together with the restriction of c to the cycles of S1 , ..., Ss inside C.
We shall extend c to the desired coloring using Theorem 5.5 and the
minimality of s+ p. Put q=|V(C)|. The coloring c$ shows that (i) in
Theorem 5.5 does not hold. Hence (ii) holds in Theorem 5.5. So we extend
c to a 5-coloring such that the colored subgraphs in Int(C) consists of the
cycles S1 , ..., Ss inside C and a connected subgraph containing C and
having at most 5q
3
vertices such that every uncolored vertex which is joined
to 3 or more colors either has degree 4 or has degree 5 but has two
neighbors of the same color. As the distance between any two colored
components is at least
;(s)&2;(s&1)&3&5q3>:(s&2, 1, 5q3),
c can be extended to a 5-coloring of G by the minimality of s+ p. This is
a contradiction which proves (5).
We may assume that the outer cycle of G is either C2 (if p2) or a
triangle outside of but containing an edge of the ;(s)-canonical cycle of S1
(if p=1). Under this assumption we prove:
(6) None of the cycles C2 , C3 , ..., Cp , S1 , S2 , ..., Ss is inside the
3;(s)-canonical cycle of C1 .
Proof of (6). If (6) were false, then G has either a path of length
6;(s)+1 which together with a path of C1 forms a cycle having one of
C2 , ..., Cp , S1 , ..., Ss in its interior or else a cycle of length 6;(s)+1
separating two cycles of C2 , ..., Cp , S1 , ..., Ss . In any case G has a cycle C$
of length at most 6;(s)+1+m separating two of C2 , ..., Cp , S1 , ..., Ss . Now
the proof is completed as in the last part of (5). More precisely (in the case
C1 Ext(C$)), first we extend the restriction of c to Ext(C$) to G. The
resulting coloring of C$ is then extended to a subgraph of Int(C$) using
Theorem 5.5. Then we complete the proof using the minimality of s+ p and
the assumption that the distance from
int(C$) & (S1 _ } } } _ Ss _ C1 _ } } } _ Cp)
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to C$ is at least
:(s, p, m)& 12 |E(C$)|:(s, p, m)&3;(s)&m
max[:(s&1, p, q)+5q 3, :(s, p&1, q)+5q3]
where q=6;(s)+1+m. This proves (6).
Now let Zi be the i;(s)-canonical cycle of C1 for i=1, 2, and we let G$
denote the cylinder triangulation Ext(Z1) & Int(Z2). If G$ has a 5-colored
(Z1 , Z2)-separator H, then H divides G into two parts. In each part the
coloring can be extended to a 5-coloring of all vertices by the minimality
of s+ p and p. So assume that G$ has no 5-colored (Z1 , Z2)-separator. By
Theorem 7.2, G$ has a noncontractible triangle T1 . Then we color Ext(T1)
by the minimality of s+ p. We claim that this coloring can be extended to
Int(T1). If int(T1) has a vertex v1 joined to all three vertices of T1 , we color
v1 and denote the triangle in G(T1 _ [v]) having C1 in its interior by T2 .
If int(T2) has a vertex v2 joined to all three vertices of T2 , we color v2 . We
continue like that such that Tt is the last triangle in that sequence. If the
sequence T1 , T2 , ..., Tt contains 13 pairwise disjoint triangles, then they
can be chosen such that any two consecutive ones have distance 1 in G.
Now the proof is easily completed using Proposition 6.1. Otherwise
dist(T1 , Tt)12 and now we apply Theorem 7.3 to color Int(Tt).
9. PLANARIZING TRIANGULATIONS ON HIGHER SURFACES
We now turn to higher surfaces. We refine the cutting technique from [19].
Theorem 9.1. Let g, d, q be natural numbers. Let G be a triangulation of
Sg , and let WV(G), |W|=q. If ew(G)d(q+2) 22g+1, then G contains a
planarizing collection of g cylinder triangulations T1 , T2 , ..., Tg such that
dist(Ti , Tj)d for 1i< j g,
dist(Ti , W)d for 1i g,
and the distance (in G) between the inner and outer cycle of Ti is at least
d, 1i g.
Proof. (by induction on g). Let C0 be a shortest noncontractible cycle
of G. Choose a direction of C0 and let Ci be the i-canonical cycle
on the right hand side of C0 for i=1, 2, ..., 3dq. There exists a natural
number j, jq, such that W & [Ext(C3d( j&1)) & Int(C3dj)]=<. Put T0=
Ext(C3dj&2d) & Int(C3dj&d). If g=1, then the proof is complete with
T1=T0 . So assume that g2.
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We form a new graph G$ as follows: G$ is obtained from G&[ext(C0) &
int(C3dq)] by adding two new vertices x0 , x1 and joining x0 to all vertices
of C0 and joining x1 to all vertices of C3dq . Then either G$ is connected or
has two components G0 , G1 containing x0 and x1 , respectively. We may
consider G$ as a triangulation of Sg&1 or Sg1 _ Sg2 where g11, g21,
g1+ g2= g. Every path P in G$ from x0 to x1 can be extended (after deleting
x0 , x1) to a noncontractible cycle in G of length at most |E(P)|&
2+3dq+ 12 |E(C0)|. So P must have length at least
1
2 ew(G)&3dq+2.
Also, every noncontractible cycle C in G$ which contains precisely one of
x0 , x1 can be extended (after deleting x0 or x1) to a noncontractible
cycle of G of length at most |E(C)|&2+6dq+ 12 |E(C0)|. Hence every
noncontractible cycle in G$ has length at least
1
2 ew(G)&6dq+2d(q+2) 2
2g&6dq+2d(q+4) 22(g&1)+1.
Now we apply the induction hypothesis to (G$, Sg&1) or to each of
(G0 , Sg1), (G1 , Sg2) where
W$=(W & V(G$)) _ [x1 , x2] or
W0=(W & V(G0)) _ [x0],
W1=(W & V(G1)) _ [x1].
By the induction hypothesis, G$ (or each of G1 , G2) has a planarizing
collection of g&1 (respectively g1 , respectively g2) cylinder triangulations
satisfying the distance conditions with W$ (or W1 , W2) instead of W. In
particular, none of the cylinder triangulations contain x1 or x2 . These
cylinder triangulations (together with T0 when G$ is connected) form the
desired planarizing collection of cylinder triangulations. K
Note that Theorem 9.1 is stronger than the cutting result in [19] (except
for the bound on the edge-width) and that the proof is easier because of the
introduction of W.
10. THE GENERAL 5-COLOR THEOREMS
In this section we combine the results of the previous sections. We let :
and ; be the same functions as in Section 9.
Theorem 10.1. For any two nonnegative integers g and q there exists a
natural number #(g, q) such that the following holds: If G is a triangulation
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of Sg of edge-width at least #(g, q) and H is a 5-colored subgraph with q
vertices of G such that
(i) each component of H has distance at least #(g, q) to any other
component of H and
(ii) no vertex v of G&H is joined to three colors unless v has degree
4 or v has degree 5 and is joined to two vertices of the same color.
Then the 5-coloring of H can be extended to a 5-coloring of G.
Proof. Let d=max[:(2g, 2q, 2q), 1062+2;(2g)]. We shall prove
Theorem 10.1 with #(g, q)=d(q+2) 22g+1. For g=0 Theorem 10.1 follows
from Theorem 8.1 with s=0. (In the colored subgraph the face boundaries
need not be cycles. However, by appropriate cuttings they become cycles of
length <2q, which can play the role of C1 , C2 , ... in Theorem 8.1.) So
assume that g1. Let T1 , T2 , ..., Tg be a planarizing collection of cylinder
triangulations satisfying the conclusion of Theorem 9.1. Let C i1 , C
i
2 be the
outer (respectively inner) cycle of Ti (i=1, 2, ..., g). If some Ti has 13
pairwise disjoint triangles separating C i1 and C
i
2 , then it is easy to complete
the proof by induction using Proposition 6.1. So assume Ti has no such
triangles. By taking a sub-cylinder triangulation we may assume that Ti
has no separating triangle and that dist(C i1 , C
i
2)10
60+2;(2g). By
Theorem 7.2, Ti has a 5-colored (C i1 , C
i
2)-separator Hi . As
dist(C i1 , C
i
2)10
60+2;(2g)
we can assume that
dist(Hi , C i1 _ C
i
2);(2g).
Now the coloring of H _ H1 _ } } } _ Hg can be extended to a 5-coloring
of G, by Theorem 8.1.
Note that the paths Pi (i=1, 2, ..., s) in Theorem 8.1 come from
condition (ii) in the definition of 5-colored separators while there is no
such condition on the cycles C1 , C2 , ... in Theorem 8.1. K
Theorem 10.2. For any nonnegative integers g, q there exists a natural
number $(g, q) satisfying the following: If G is a graph on Sg and H is a
5-colored subgraph of G with at most q vertices, then the 5-coloring of H can
be extended to a 5-coloring of G unless there is a graph G$ with at most
$(g, q) vertices such that
HG$G
and the 5-coloring of H cannot be extended to a 5-coloring of G$.
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Proof. For technical reasons we prove a slightly refined version: We
add the condition that H has c components and we replace $(g, q) by
$(g, q, c). For g=0 and c1 the statement follows from Theorem 5.5 with
$(g, q, c)=5(2q)3.
Now let g, q, c be a triple such that $(g$, q$, c$) exists whenever (g$, c$, q$)
precedes (g, c, q) in the lexicographic ordering. Put #$(g, q)=#(g, q)+
5(2q)
3
. We shall prove Theorem 10.2 with $(g, q, c) equal to
max[#$(g, q), 5#$(g, q) $(g, q+#$(g, q), c&1), 5#$(g, q)
_$(g&1, q+2#$(g, q), c+2#$(g, q))].
Let G, H be as in Theorem 10.2. Assume that the 5-coloring of H cannot
be extended to a 5-coloring of G. We shall then prove the existence of G$
in Theorem 10.2.
If G has a path P of length #$(g, q) between two distinct components
H1 and H2 of H, then we consider all extensions of the 5-coloring of H to
5-colorings of G(V(H) _ V(P)). There are less than 5#$(g, q) such 5-colorings.
(If there are none we put G$=H _ P.) For each such 5-coloring, G has a
subgraph with at most $(g, q+#$(g, q), c&1) vertices to which the coloring
does not extend. Then the union of these, which can play the role of G$, has
at most 5#$(g, q) $(g, q+#$(g, q), c&1) vertices. So we may assume that
dist(H1 , H2)>#$(g, q) for any two components H1 and H2 of H.
If Sg has a noncontractible curve C meeting no edge of G and at most
#$(g, q) vertices of G, then we consider all extensions of the 5-coloring of
H to G(V(H) _ S) where S=C & G. For each such 5-coloring, we get (after
cutting Sg along C) a subgraph G" of G with at most $(g&1, q+2#$(g, q),
c+2#$(g, q)) vertices to which the coloring does not extend. Now the
union of these G", which has at most 5#$(g, q) $(g&1, q+2#$(g, q),
c+2#$(g, q)) vertices, can play the role of G$. (Note that this argument
works also when C is surface separating.) So we may assume that any non-
contractible curve of Sg which meets no edge of G meets at least #$(g, q)
vertices of G. Now we extend G to a triangulation G1 by successively adding
vertices of degree at most 4 such that any two vertices in G have the same
distance in G1 as in G. Then G1 has edge width at least #$(g, q). Moreover,
any 5-coloring of a subgraph of G can be extended to the vertices in
G1&G. So it is sufficient to find the desired subgraph G$ in G1 . The proof
is now completed by first applying Theorem 5.5 to each component of H
(which is possible because G1 has edge width at least 5(2q)
3
) and then
Theorem 10.2 to the resulting colored subgraph.
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11. THE NONORIENTABLE CASE
In [19] it is proved that any graph on Sg of sufficiently large edge-width
is 5-colorable. This also follows from each of Theorems 10.1 and 10.2. The
method of [19] does not immediately extend to the nonorientable case.
However, the method of the present paper does. In this section we explain
how, without giving details.
Using the method of Section 9, we first prove the following counterpart
to Theorem 9.1. We let G be a triangulation of Nk and WV(G), |W|=q.
We assume that G has large edge-width. Then we show that G has a
collection T1 , T2 , ..., Tr of cylinder triangulations which are far apart from
each other and from W such that, when we delete T1 _ } } } _ Tr (except the
inner and outer cycles), then we get the union of pairwise disjoint graphs
in the plane or in the projective plane. Each of those components which are
in the projective plane has a noncontractible cycle far apart from W and
T1 _ } } } _ Tr . We modify this noncontractible cycle such that it contains
a long geodesic using the method of Section 7. (As the edge width of G is
large we do not encounter the same difficulties as in Section 7.) Then we
color the noncontractible cycle as in Proposition 6.3. In each of the cylinder
triangulations we find a 5-colored separator by Theorem 7.2. We also let W
be precolored. Then we extend the coloring to G using Theorem 8.1.
In conclusion, both Theorems 10.1 and 10.2 hold for nonorientable
surfaces as well.
12. OPEN PROBLEMS
In [19] it is shown that #(g, 0) tends to infinity as g does. It is not clear
if #(0, q) tends to infinity when q does. This suggests the following
Problem 1. Let G be a planar graph and WV(G) such that G(W)
is bipartite and any two components of G(W) have distance at least 100
from each other. Can any coloring of G(W) such that each component is
2-colored be extended to a 5-coloring of G?
Mike Albertson (private communication) has answered this in the
affirmative in the case where each component of H is a single vertex.
There ought to be a simpler proof of the results of Section 7. For that it
may be useful to establish the existence of an even chordless cycle
homotopic to a prescribed noncontractible cycle of length ew(G) in a graph
G which triangulates the torus and which has large edge width. We should
here assume that G is 5-connected since the cartesian product of two odd
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cycles can be extended to 4-connected torus triangulation with no even
chordless cycle homotopic to a shortest noncontractible cycle.
If S is a surface, then the collection of 6-color-critical graphs on S is
finite by Sections 10 and 11. The collection has been determined only for
the sphere S0 (where it is empty by the 4-color theorem) the projective
plane (where it consists of K6 by Euler’s formula and Brooks’ theorem) and
the torus S1 .
Theorem 12.1. [20] The 6-color-critical graphs on the torus are K6 , the
join of a 3-cycle and a 5-cycle, the graph obtained by applying Hajos’
construction to two copies of K4 and then adding a K2 joined to all other
vertices, and the graph T11 obtained from the 11-cycle by adding all chords
which join two vertices of distance 3 on the 11-cycle.
We now mention an application of Theorem 12.1. Let us define an
Sg -polytope as a subspace of R3 which is homeomorphic to Sg and which
is the union of a finite number of convex polygons, called the faces. Barnette
[2] proved that the dual graph of a torus polytope can be colored in 6
colors. It is easy to see that an Sg-polytope cannot contain 5 faces any two
of which are neighbors. So, the dual graph contains no K5 . Also, the
dual graph cannot be a triangulation of Sg , (except when g=0). Hence
Theorem 12.1 implies
Corollary 12.2. The dual graph of every torus-polytope can be colored
in 5 colors.
Croft et al. [5] suggested that the maximum chromatic number of the
Sg -polytopes be compared with the Heawood bound for the chromatic
number of maps on Sg . The latter is 0(g12) while it is shown in [12] that
the K5 -free graphs on Sg and hence also the dual graphs of the
Sg -polytopes can be colored in 0(g13) colors. So perhaps one might also
consider the following
Problem 2. Can the dual graph of every Sg-polytope be colored in 100
colors?
We now turn to the Klein bottle N2 . For each vertex v in T11 , T11 has
precisely one 6-cycle containing all neighbors of v. Hence T11 triangulates
only one surface, and so T11 cannot be drawn on the Klein bottle. The
three first graphs in Theorem 12.1 can be drawn on the Klein bottle. This
raises the following
Problem 3. Are the 6-color-critical graphs on the Klein bottle precisely
the three first graphs of Theorem 12.1 and the graph obtained by applying
Hajos’ construction to two copies of K6?
In [20] it is shown that, if a plane graph G has a 5-colored outer cycle
C of length 6, then the coloring of C can be extended to G unless G has
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a subgraph G$ with at most 9 vertices such that the coloring of C does not
extend to G$. We may consider the corresponding question where two
disjoint triangles are precolored.
Problem 4. Let G be a cylinder triangulation with precolored outer
triangle C1 and precolored inner triangle C2 . Suppose that the coloring
of C1 _ C2 can be extended to a 5-coloring of every subgraph of G with
at most 14 vertices. Can it then be extended to G?
Theorem 12.1 implies an affirmative answer when both C1 and C2 are
colored with colors 1, 2, 3 in the same clockwise order. (T11 shows that 14
cannot be replaced by 13 in Problem 4.) An affirmative answer to
Problem 3 would answer Problem 4 in the special case where C1 and C2
are colored by 1, 2, 3 but in opposite clockwise order. Conversely, a solution
to Problem 4 in that special case would probably solve Problem 3.
Voigt [22] gave an example of a planar graph which cannot be list
colored even if all lists have 4 colors. A simpler example was found by Gutner
[13]. Since the 3-color problem for planar graphs is NP-complete [11], it
follows that it is NP-complete to list color a planar graph if all lists have
4 colors. So the list color problem for graphs on a fixed surface and 5
colors in each list is particularly interesting. A polynomially bounded
algorithm would follow from an negative answer to the following.
Problem 5. Does some surface admit infinitely many list-critical graphs
with all lists of cardinality 5?
It seems possible that the methods of this paper may be extended to
include the list color case as well. However, the technical details do not
seem pleasant.
Finally, one may wonder if some kind of 4-color theorems are possible.
Problem 6. Let S be a fixed surface. Does there exist a polynomially
bounded algorithm for deciding if a graph on S can be 4-colored?
It might be interesting to consider Problem 6 for the projective plane or
the torus. For the torus we also mention the following more specialized
problem.
Problem 7. [5]. Is the dual graph of every torus-polytope 4-colorable?
If one could characterize the 5-color-critical graphs on the torus sufficiently
precisely, then that would settle Problem 6 for the torus and also
Problem 7. Although Stromquist’s question [16] was answered in the
negative in [20] and also by Mohar (see Section 4), it is still possible that
the 5-critical toroidal graphs of large edge width are almost triangulations.
If true this might be a first step towards a positive answer to Problem 6.
Problem 8. Does there exist a 5-color-critical graph on the torus with,
say n vertices, and at most 6n&100 edges and edge-width 100?
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An affirmative answer to Problem 8 might also give a negative answer to
Problem 7 since toroidal graphs which are far from triangulations may be
duals of torus-polytopes. A positive answer to Problem 8 or a negative
answer to Problem 7 would produce new interesting 5-color-critical graphs
on the torus.
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